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LETTER TO THE EDITOR 

The estimation of the tricritical point of the interacting hard 
squares from the low-temperature series expansions 

E V Aksenenko 
Institute of Colloid Chemistry and Chemistry of Water, Academy of Sciences of the 
Ukrainian SSR, 42 Vernadsky Avenue, Kiev 252 180, USSR 

Received 7 March 1984 

Abstract. Using the low-temperature series expansions, the tricritical parameters for the 
interacting hard squares are estimated to be f , c =  exp(-e/kTl,,) = 5.45, y,,= 1.040, values 
rather different from previous estimates derived from other methods. 

The tricritical behaviour of the lattice gas with nearest-neighbour exclusion and next- 
nearest-neighbour finite attraction E on the square lattice was treated previously using 
the closed-form approximations (Kaye and Burley 1974, Aksenenko and Shulepov 
1978, 1982, 1984), the exact finite method (Runnels et a1 1970), and renormalisation 
group calculations (Kinzel and Schick 1981); recently Baxter (1980), Huse (1982), 
Baxter and Pearce (1983) calculated the tricritical density ptc = &(5 -A). Springgate 
and Poland (1979) conjectured the value ttc - 3.5 for the lower bound on the temperature 
parameter t = exp(-E/kT) in the tricritical point using the expansions in activity and 
in inverse activity. This value differs considerably from the renormalisation group 
result (Kinzel and Schick 1981, ftc-5.0) and from the extended cluster variation 
calculation result (Aksenenko and Shulepov 1984, tt, - 4.1). 

The more reliable estimate of this parameter is obtained here using the low- 
temperature expansions of the grand canonical potential (Aksenenko and Shulepov 
1979, 1981) in the form 

r 1 

at low and high densities respectively; here the low-temperature variable U = exp(s/kT), 
and the sublattice fugacities are related to the activities z ,  as follows: y, = 
z ,  exp(-2s/ k q ,  U = a, b. The coefficients of the polynomials $k, (cl; can be obtained 
combining the expansions in activity and inverse activity (Springgate and Poland 1975, 
1979), the expansions for Ising model (Sykes et a1 1965, 1973a, b) and the values at 
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high powers of the fugacities, 

& ( ~ ~ ) = - 1 6 ~ 1 , 9 + .  .., 
$9( U i j )  = -4OUl , I ’  - 152Ul , I  1 - 4ot)2,9 - 54OU1,lo - 4OV4,6 - 228 U’,* - 1224U1.9 - . . . , 

(2) 
(c19*(wi,j)=6w1,~2+2Ow1,11 + ~ O ~ I , I O + .  . .  3 

w.. = yi y;J uij = f(yhy’, +y’,yb), v a 

obtained in Aksenenko and Shulepov (1981). 
The tricritical point was estimated as the value of the fugacity y,, at which the 

series for the modified isothermal compressibilities xo(u, y )  = &(U, y ) / ( a  log y)’ and 
x$(u, y-I)  = a2T*(u, y - ’ ) / (a  log Y - ’ ) ~ ,  y = ya = yh both diverge simultaneously. This 
procedure is illustrated in figure l(a) where the ratios of the successive coefficients of 
the Ising model series ,y:iy’- 1 + X i  aiui are plotted against l / i ;  these ratios we expect 
to converge to the critical value t ,  = U;’. For the Ising model the exact critical values 
are known: t c=( l  +h)’= 5.828.. . , y,= 1, y ’ = i ,  and the low- and high-density 
expansions are related to each other: x$,(u, y - ’ )  = xOI(u, y-I) .  One can assure from 
figures l(a) and l(b) that the values of the critical parameters y ,  and t ,  estimated from 
this procedure are good enough, and the variation in y’ gives rise to the variation of 
the slope of the extrapolating line but does not affect the estimated values. 

The exact value of the critical exponent y’ for the interacting hard squares is not 
known; Kinzel and Schick (1981) conjectured for it the Ising value of i. From the 
Pad6 approximants to the logarithmic derivatives of the compressibilities we obtained 

I 

0.3 0.2 0.1 0.1 0.2 0.3 
( C  1 

\. 2 
0.1 0.2 0.3 

Id I 
1 li  

Figure 1. The ratios of the successive coefficients of (a, b )  the Ising model modified 
compressibility X A { ~ ’  and (c, d )  the interacting hard squares model x y ”  (left) and 
(right), for various values of y and 7’. 
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a rather surprising result: 1.2 and 1.9 for the low- and high-density series respectively, 
which may stem from the small number of terms in the series investigated. The 
behaviour of the series for ,yo and ,yo* is worse than that of the Ising model series; from 
figures l(c) and l(d) one can see however that a sufficiently large variation of 7’ does 
not affect the estimate of the tricritical parameters. A similar behaviour is characteristic 
of the compressibility ,y = ,yo/p. 

It was alluring to verify the obtained values of ttc and ytc calculating the estimate 
for PIC. It turned out however that in contradiction to the results of Springgate and 
Poland (1979) the partial sums of the density expansions increase rapidly with the 
number of terms involved and the estimate of ptc depends strongly on the method of 
extrapolation. 

The values tt, = 5.45 and ytc = 1.040 estimated here from the low-temperature 
expansions obviously differ from the earlier results obtained by Kinzel and Schick 
(1981). 

The author wishes to thank Yu V Shulepov for suggesting this research and his interest 
in every phase of this work. 
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